Abstract. We compute the center and Azumaya locus in the simplest non-abelian examples of quantized multiplicative quiver varieties at a root of unity: quantum Weyl algebras of rank N, and quantum differential operators on the quantum group GL 2 . These examples illustrate in elementary terms much more general phenomena explored further in [GJS19] .
Introduction
Many algebras appearing in representation theory exhibit interesting q-deformations -flat families of algebras depending on a nonzero complex parameter q, whose value at q = 1 is the original algebra. Perhaps the most prominent example is the quantum group U q (g) attached to a Lie algebra g, which may be regarded as deforming the universal enveloping algebra U(g), or alternatively the big Bruhat cell BB − in G. Other examples -which typically pivot crucially on the quantum group -include Hecke algebras, quantum coordinate algebras, quantum Weyl algebras, and quantized multiplicative quiver and hypertoric varieties.
These q-deformations tend to exhibit a common structure for generic q, and develop radically different structures when q is a root of unity. In particular, such specializations are a reliable source of interesting Azumaya algebras: an algebra over C is called Azumaya if it is finitely generated and projective as a module over its center, and its fiber at any point in the spectrum of the center is a matrix algebra. Such properties have been observed for many different algebras, including Fadeev-Reshetikhin-Turaev algebras, quantum Weyl algebras, double affine Hecke algebras, and quantized multiplicative quiver and hypertoric varieties [BK08, BFG06, Coo16, Gan18, VV10, LY18, DL94, BG02] .
We consider the simplest non-abelian examples of quantum multiplicative quiver varieties: the algebra D q (C N ) of q-difference operators on C N , a quantum Weyl algebra in the sense of [GZ95] , and the algebra D q (GL 2 ) of q-difference operators on GL 2 . This paper is intended as a supplement to [GJS19] , where a much wider class of q-deformations are considered. The methods in [GJS19] emerged as an abstraction of the techniques applied to the basic examples analyzed in the current paper.
In the case of the quantum Weyl algebra, for q a root of unity, we identify the center of D q (C N ) with the coordinate algebra of T * C N , equipped with the non-standard Poisson bivector,
where {y i } and {z i } are the base and fiber coordinates on T * C N . We consider the non-degeneracy locus (T * 
Moreover, the Azumaya locus (T * C 2 ) • is the preimage underμ of the big Bruhat cell of GL 2 .
In [GJS19] , such a commutative diagram is called a Frobenius quantum moment map. These exist also in the case of D q (GL N ), as was originally proven in [VV10] . In Proposition 3.20, we describe the Frobenius quantum moment map in this case in coordinates for N = 2, where already the explicit formulas which arise are interesting and somewhat unexpected.
Motivation. The algebras D q (C N ) and D q (GL 2 ) are basic examples of framed quantum multiplicative quiver varieties [Jor14] . Their quantum Hamiltonian reductions therefore define quantizations of multiplicative quiver varieties, and in [GJS19] a general framework is described for establishing the Azumaya locus for both the unframed and framed quantizations. Our aim in this short paper is to give an elementary proof in these basic examples, as motivation for the machinery needed for the general case.
2. An algebra of q-difference operators 2.1. Basic definitions. Definition 2.1. Let q ∈ C × and let N be a non-negative integer. The algebra D q (C N ) of qdifference operators on C N is the quotient of the free algebra on the generators x 1 , . . . , x N , ∂ 1 , . . . , ∂ N by the relations:
Definition 2.2. The quantum coordinate algebra O q (C N ) of affine N-space is defined as the quotient of the free algebra on generators x 1 , . . . , x N by the relation x j x i = qx i x j for j > i. As a vector space, it is spanned by the monomials (
given by and then setting q = 1, we obtain a variant of the Nth Weyl algebra of differential operators on affine N space. In this variant, all generators commute, with the exception of x i and ∂ i , which satisfy the relation
Hence, D q (C N ) is q-deformation of both the algebra O(T * C N ) and a variant of the Weyl algebra. . It is also an example of the quantum Weyl algebras of [GZ95] .
Direct computations yield the following result, which shows that the elements β i have nice qcommutation properties with the generators, and can be thought of as "partial grading operators" or Euler operators.
Lemma 2.6. Let i, j ∈ {1, . . . , N}. The elements β i and β j commute, and for n ≥ 1, the following identities hold in D q (C N ):
2.2. The center. We fix q to be a primitive ℓ-th root of unity in C, where ℓ > 1 is odd. Let Z N denote the center of D q (C N ). 
It follows that c m,n = 0 whenever ℓ does not divide the sum ∑
(We have used the hypothesis that ℓ is odd.) Consequently, using the defining relations of D q (C N ), we conclude that
An analogous argument shows that
Step 2. We argue that z ′ m,n = 0 if ℓ does not divide both m and n. We have that
, and
for m ≥ 1 and n ≥ 0. Rearranging this equation, it is straightforward to verify that this identity gives
An analogous argument using the identity ∂ N z = z∂ N shows that z ′ m,n = 0 whenever ℓ does not divide m.
Step 3. Finally, we show that if ℓ divides both m and n, then z ′ m,n belongs to Z ℓ . Since z ′ m,n lies in the subalgebra D N−1 (Q) it suffices, by induction, to show that it lies in the center. This follows from the fact that x j and ∂ j commute with z for 1 ≤ j ≤ N − 1 and that ℓ divides both m and n whenever z ′ m,n is nonzero.
Proposition 2.8. The following formulas hold in D q (C N ), for i = 0, . . . , N:
Proof. We proceed by induction on N.
We claim that the following identity holds in D q (C N ), for any n ≥ 1:
where c 
1 One also deduces that (q 2(n+1) − 1)β N−1 z ′ 0,n+1 = 0 for any n ≥ 0, but we do not need this.
Specializing the above formula for n = ℓ, rearranging terms, and noting that
The right-hand side is central, so it follows that the left-hand side is also central. By Proposition 2.7, we conclude that c
Remark 2.9. The elements c (n) k satisfy the recursive formula c
and thus can be easily related to quantum factorials.
The Azumaya locus.
We include a few generalities on Azumaya algebras. Let A be an algebra over C and let Z = Z(A) be its center.
Definition 2.10. Suppose A is finitely generated and projective as a Z-module. The Azumaya locus of A is the subset of the maximal spectrum of Z consisting of points m ∈ Specm(Z) such that there exists n > 0 and an isomorphism
If the Azumaya locus of A is all of Specm(Z), we say that A is Azumaya over Z.
In other words, if we regard A as defining a sheaf of algebras over Spec(Z), then A is Azumaya if this sheaf is étale-locally the endomorphisms of a vector bundle on Spec(Z).
We now return to the setting of difference operators, and continue to fix q to be a primitive ℓ-th root of unity in C, where ℓ > 1 is odd. We identify Spec(Z N ) with the cotangent bundle T * C N via Proposition 2.7, and regard D q (C N ) as a coherent sheaf of algebras on T * C N .
Using Propositions 2.7 and 2.8, we identify the closed points of Spec(Z • N ) with the subset
Lemma 2.12. 
• as the subalgebra generated by x i , y i , and β Thus we have an isomorphism of algebras
• ⊗N taking z i to the x-variable of the i-th factor, w i to the ∂-variable of the i-th factor, and α i to the α −1 -variable of the i-th factor. It follows that this isomorphism restricts to an isomorphism between the subalgebra of D q (C N ) • generated by z i , w i , and β
and the subalgebra
Since the former is isomorphic to D q (C N ) • , we obtain an isomor-
We summarize this discussion in the following diagram:
Theorem 2.14. Suppose q is a primitive ℓ-th root of unity, where ℓ > 1 is odd. The Azumaya locus of
Proof of Theorem 2.14. It is immediate from Proposition 2.7 that D q (C N ) is finitely generated and projective (in fact free) as a module over its center. We show first that Spec(
Suppose that ν ∈ Spec(Z N ) is a closed point in the Azumaya locus, so D ν is a matrix algebra. The q-commutativity of the β i with the generators of D q (C N ) (Lemma 2.6, parts 3 and 4) implies that the image of each β i generates a nonzero 2-sided ideal in D ν . As a matrix algebra, D ν has no nonzero proper ideals. We conclude that the image of each β i is invertible. Thus, ν belongs to Spec(Z • N ). For the reverse direction, it follows from [Gan18, Theorem 3.12] that D q (C 1 ) • is Azumaya over its center. The tensor product of matrix algebras is again a matrix algebra, and hence D q (C 1 ) • ⊗N is Azumaya over its center. The claim now follows from Proposition 2.13.
Remark 2.15. We note in passing that Theorem 2.14 can be proved alternatively by exhibiting an explicit isomorphism between D q (C N ) • and an Ore localization of the standard quantum torus on 2N generators, and then comparing the central embeddings. 
3) The left ideal generated by d coincides with the right ideal generated by d.
Proof. The defining relations of O + q (GL 2 ) can be written explicitly as:
From this description, the centrality of the quantum determinant and the quantum trace are straightforward verifications. The first three commutation relations are immediate; the remainder follow by induction.
Note that the defining relations imply that the element d satisfies the Ore localization condition.
Remark 3.4. The algebra O q (GL 2 ) is known as the reflection equation algebra, and the equation 3.1 is known as the reflection equation. The matrix R is the usual R-matrix on C 2 . Note that, when q = 1, we obtain the classical commutative algebras. The algebra O q (BB − ) is a quantization of the algebra of functions on the big Bruhat cell BB − of GL 2 , and is in fact isomorphic to the quantum group U q (gl 2 ), upon further adjoining a square root of d and of det q . See [KS97] for further details.
The algebra D q (GL 2 ).
Definition 3.5. For q ∈ C × , define an algebra D + q (GL 2 ) as generated by eight elements, x 11 , x 12 , x 21 , x 22 , ∂ 11 , ∂ 12 , ∂ 21 , and ∂ 22 , organized in two by two matrices
with relations given by the entries of the matrix equations 
All claims are easily verified by straightforward computations, some of which involve inductive arguments. 
Moreover, there are uniquely defined central elements v and w in
where all terms that appear in '. . . ' are of the form 
, and is isomorphic to the coordinate algebra O(GL 2 × GL 2 ).
Remark 3.13. We note that the element a ℓ in O q (GL 2 ) is not central, and hence neither are the elements x ℓ 11 and ∂ ℓ 11 in D q (GL 2 ). The leading term of z is a ℓ , and it is the unique central element with that property, so it can be seen as a correction to the naive powering operation being incompatible with the quantum Frobenius homomorphism of Lusztig.
Example 3.14. In the case ℓ = 3, direct computation gives that z = a 3 + 3abc + 3qbcd. For ℓ = 5, one finds similarly,
It would be interesting to compute the general form of z.
3.4.
A quantum moment map for D q (C 2 ). We now connect the reflection equation algebra to the algebra D q (C N ) of Section 2 in the case N = 2. As explained in Section 2, the element
is the total grading operator, and let
There is a well-defined algebra homomorphism
Moreover, µ q takes the quantum determinant det q to the total grading operator β 2 .
Proof. The reflection equation algebra relations are easily verified directly. Alternatively, one can appeal to [Jor14, Definition-Proposition 7.11].
Let Z = Z 2 denote the center of D q (C 2 ). Recall from Proposition 2.8 that
belongs to Z, and set Z det to be the localization Z[(β ℓ 2 ) −1 ]. Thus, Z det is the algebra of functions on the subvariety
of T * C 2 . As is well-known, the action of GL 2 on C 2 extends to a Hamiltonian action of GL 2 on T * C 2 which admits a group-valued moment map
We obtain a pullback homomorphism:
Theorem 3.16. Suppose q is a primitive ℓ-th root of unity, for ℓ > 1 odd.
(1) Then µ q restricts to an algebra homomorphism µ 
Proof. To prove the first claim, first note that the fact that x 1 and ∂ 2 commute up to a power of q implies that b ℓ maps to x ℓ 1 ∂ ℓ 2 . Similarly for c ℓ . Proposition 2.8 implies that d ℓ maps to 1 + x ℓ 1 ∂ ℓ 1 . The same proposition also implies that
From this, and the relation det 
This map restricts to
The source of the above map can be identified with the algebra of functions on the big Bruhat cell BB − , while the target is precisely the Azumaya locus of D q (2), namely (T * C 2 ) • .
Remark 3.17. The map µ q is in fact a 'quantum moment map' because it satisfies a certain equivariance condition for the actions of the quantum group for gl 2 . We do not describe these actions explicitly here. See [Jor14, GJS19] for more details.
3.5. A quantum moment map for D q (GL 2 ). In this last section we state without proof an explicit reformulation of results due to Varagnolo and Vasserot [VV10] for D q (GL N ), using the discussion in the preceding section. The group-commutator form of the quantum moment map is from [Jor14] ; we refer therein for a discussion of the comparison to the moment map from [VV10] . These constructions are generalized to arbitrary groups G, and to arbitrary multiplicative quiver varieties in [GJS19] . Let GL 2 act on its 'double' D(G) = GL 2 × GL 2 by diagonal conjugation: g(A, B) = (gAg −1 , gBg −1 ). As is well-known [AMM98] , there is a group-valued moment map φ : GL 2 × GL 2 → GL 2φ (A, B) = AB −1 A −1 B.
We obtain a pullback homomorphism:φ # : O(GL 2 ) → O(GL 2 × GL 2 ). A quantum version of this map is given in the following proposition, which holds for any q ∈ C × . 
In other words, the map φ q sends a ∈ O q (GL 2 ) to the element of D q (GL 2 ) appearing in the top left entry of the product DX −1 D −1 X, and so on for the other generators. Now assume q is a primitive ℓ-th root of unity, for ℓ > 1 odd. By Corollary 3.12, the coordinate algebra O(GL 2 × GL 2 ) is a central subalgebra of D q (GL 2 ), and we can regard the latter as defining a coherent sheaf of algebras over GL 2 × GL 2 . Let (GL 2 × GL 2 ) Az ⊆ GL 2 × GL 2 denote the Azumaya locus of D q (GL 2 ). (1) Then φ q restricts to an algebra homomorphism φ (GL 2 × GL 2 )
Az =φ −1 (BB − ).
